Abstract. It is shown that the Dirac equation is separable by variables in a five-dimensional rotating Kerr-(anti-)de Sitter black hole with two independent angular momenta. A first order symmetry operator that commutes with the Dirac operator is constructed in terms of a rank-three Killing-Yano tensor whose square is a second order symmetric Stäckel-Killing tensor admitted by the five-dimensional Kerr-(anti-)de Sitter spacetime. We highlight the construction procedure of such a symmetry operator. In addition, the first law of black hole thermodynamics has been extended to the case that the cosmological constant can be viewed as a thermodynamical variable.
Introduction
It is well known that the Kerr metric [1] possesses a number of miraculous properties called by Chandrasekhar [2] , such as the separability of the geodesic Hamilton-Jacobi equation [3] , separability of a Klein-Gordon scalar field equation [3] , separability and decoupling of the massless nonzero-spin field equations [4] . These properties are later shown to be closely connected with the existence of a quadratic integral of motion -Carter's fourth constant that is associated with a second order symmetric Stäckel-Killing tensor discovered in the Kerr metric by Carter [3] . Chandrasekhar [5] showed that the massive Dirac's equation is also separable in the Kerr geometry using the Newman-Penrose's null-tetrad formalism [6] . Subsequently his remarkable work was further extended by Page and other people [7] to the case of a Kerr-Newman black hole [8] .
Walker and Penrose [9] demonstrated that Carter's fourth constant, which is related to the separability of the Hamilton-Jacobi equation in the Kerr background, is generated by an irreducible second order symmetric Stäckel-Killing tensor that can be constructed out of the Weyl tensor. Similarly, Carter and McLenaghan [10] found that the separability of the Dirac equation in the Kerr geometry, is related to the fact that the skew-symmetric tensor corresponding to the two-index Killing spinor admitted by the Kerr metric is a Killing-Yano tensor of rank-two. Later then, a lot of efforts have been focused on showing that these results can be extended to separability of higher-spin field equations in the Kerr spacetime [11] . For example, it has been shown [12] that Killing-Yano tensors and the Killing spinor play a crucial role in separation of variables for the Maxwell's equation (s = 1), Rarita-Schwinger's equation (s = 3/2), and the gravitational perturbation equation in the Kerr geometry. These results have been extended to the more general classes of Petrov type-D vacuum spacetime; see Ref. [13] for a comprehensive review.
As was remarked by Chandrasekhar [2] , the most striking feature of the Kerr metric is the separability of all the standard wave equations in it. For some of these equations, their separability has been understood as a consequence of the existence of certain tensor fields, which have been found to be associated with a Killing spinor. In fact, it is just the existence of various Killing objects (vectors, tensors and spinors) that ensures the separability of arbitrary spin fields and the decoupling of Hamilton-Jacobi equation.
The separation of various equations can be understood in terms of different order differential operators that characterize the separation constants appeared in the separable solutions. The differential operators characterizing separation constants [11] are also symmetry operators of the various field equations in question. The essential property that allows the construction of such operators is the existence of a Killing-Yano tensor in the Kerr spacetime. Physically, Killing-Yano tensors and operators constructed from them have been associated with angular momentum. In the case of the Kerr metric, which is of type D, the separation constant can be characterized in terms of the Killing-Yano tensor admitted by the metric. In addition, it has already been shown that many of the remarkable properties of the Kerr spacetime are consequences of the existence of the Killing-Yano tensor, which means that all the symmetries responsible for the separability of various equations are 'derivable' from the Killing-Yano tensor [14] .
In many aspects, a Killing-Yano tensor is more fundamental than a Stäckel-Killing tensor. Namely, its square is always Stäckel-Killing tensor, but the opposite is not generally true. The existence of a Killing-Yano tensor imposes additional conditions to those implied by the existence of a two-index Killing spinor; whereas all the type-D vacuum metrics admit a twoindex Killing spinor, not all of them admit a Killing-Yano tensor. Nevertheless, in the case of massless fields (particles), the separability of the corresponding equations is associated with the existence of a two-index Killing spinor. In other words, the existence of a Killing spinor implies that it is in relation to the separability of the massless field equation.
Higher dimensional generalizations of the famous Kerr black hole (with or without a cosmological constant) and their properties have attracted a lot of interest [15] in recent years, in particular, with the discovery of the AdS/CFT correspondence. The vacuum solutions describing the neutral rotating black holes in higher dimensions were constructed by Myers and Perry [16] as the asymptotically flat generalizations of the Kerr metric. By introducing a nonzero cosmological constant, Hawking et al. [17] obtained the asymptotically nonflat generalizations in five dimensions with two independent angular momenta and in higher dimensions with just one nonzero angular momentum parameter (see also [18] ). Further vacuum generalizations to all dimensions have been made recently in [19] . Quite recently, an exact charged generalization of the Kerr-Newman solution in five dimensions was obtained in [20] within the framework of minimally gauged supergravity theory. Other rotating charged black hole solutions in five-dimensional gauged and ungauged supergravity were also obtained in [21, 22, 23, 24, 25] .
During the past years, a resurgence of interest [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37] came about in the study of hidden symmetry and separability properties of the KleinGordon scalar equation, the Hamilton-Jacobi equation, and stationary strings [38] of higherdimensional spacetimes [39] when Frolov and his collaborators ([26] , see [40] for a review and references therein) showed that the five-dimensional Myers-Perry metric possesses a lot of miraculous properties similar to the Kerr metric. Specifically speaking, it has been shown that the Myers-Perry spacetime allows the separation of variables in the geodesic Hamilton-Jacobi equation and the separability of the massless Klein-Gordon scalar field equation [26] . These properties are also intimately connected with the existence of a second order Stäckel-Killing tensor [26] admitted by the five-dimensional Myers-Perry metric. It was further demonstrated that this rank-two Stäckel-Killing tensor can be constructed from its "square root", a rankthree Killing-Yano tensor [27] . Following a procedure put forward by Carter [41] , Frolov et al. [27] started from a potential one-form to generate a rank-two conformal Killing-Yano tensor [42] , whose Hodge dual is just the expected Killing-Yano tensor. Subsequently, these results have further been extended [27, 35, 36, 37] to general higher-dimensional rotating black hole solutions with NUT charges [19] .
On the other hand, there is relatively less work [43, 44, 45] to address the separability of Dirac's equation and other higher-spin fields and its relation to the Killing-Yano tensor in higher-dimensional rotating black holes. In a previous work [45] , we have investigated the separability of a massive fermion field equation in the five-dimensional Myers-Perry spacetime with two unequal angular momenta [16] and its relation to a Killing-Yano tensor of rank-three. A first order symmetry operator commuting with the Dirac operator has been constructed by using the rank-three Killing-Yano tensor whose square is just the rank-two symmetric Stäckel-Killing tensor. In addition, we have obtained a second order symmetry operator that commutes with the scalar Laplacian operator.
In this article, we shall extend that work to deal with the case of a nonzero cosmological constant, namely, the five-dimensional Kerr-(anti-)de Sitter black holes with two independent angular momenta [17] . More specifically, we shall study the separation of variables for a massive Klein-Gordon equation and a massive Dirac equation in this general rotating five-dimensional black hole background spacetime. Symmetry operators that commutes respectively with the scalar Laplacian operator and the standard Dirac operator are directly constructed from the separated parts of these equations and are expressed in terms of the rank-two Stäckel-Killing tensor and the rank-three Killing-Yano tensor.
This paper is outlined as follows. In Sec. 2, we present an elegant form for the line element of the five-dimensional Kerr-(anti-)de Sitter black hole [17] in the Boyer-Lindquist coordinates. This new metric form allows us to explicitly construct the local orthonormal coframe one-forms (pentad). we also rewrite the metric of the five-dimensional Kerr-(anti-)de Sitter metric in a manner similar to the Plebanski solution [46] in four dimensions and give a brief review of the relevant symmetry properties of the spacetime. In addition, we extend the first law of black hole thermodynamics to the case that the cosmological constant is viewed as a thermodynamical variable. In Sec. 3, we focus on the separation of variables for a massive Klein-Gordon equation in the background and use the separated solutions to construct a concise expression for the Stäckel-Killing tensor and a second order operator that commutes with the scalar Laplacian operator. Sec. 4 is devoted to the separation of variables for a massive Dirac's equation in the five-dimensional Kerr-(anti-)de Sitter black hole geometry. In this section, the fünfbein form of Dirac's field equation is adopted. Using Clifford algebra and the spinor representation of SO(4,1), we construct the spinor connection one-forms. Here the spinor connection is obtained by making use of the homomorphism between the SO(4,1) group and its spinor representation which is derived from the Clifford algebra defined by the anticommutation relations of the gamma matrices. Then the massive Dirac equation in a five-dimensional Kerr-(anti-)de Sitter black hole is separated into purely radial and purely angular equations. In Sec. 5, we construct a first order symmetry operator that commutes with the Dirac operator from the separated part of Dirac's equation. The operator is explicitly expressed in terms of the rank-three Killing-Yano tensor (and its covariant derivative) admitted by the five-dimensional Kerr-(anti-)de Sitter metric. The last section 6 ends up with a brief summary of this paper and the related work in progress. In the appendix, the affine spinconnection one-forms are calculated by the first Cartan structure equation from the exterior differential of the pentad. The curvature two-forms are also given in this pentad formalism.
New form of the metric of a 5-dimensional Kerr-(anti-)de Sitter black hole and its fundamental properties
The metric of a five-dimensional rotating black hole with two independent angular momenta and a negative cosmological constant was given by Hawking et al. [17] in 1999. To construct a local orthonormal pentad with which the Dirac equation can be decoupled into purely radial and purely angular parts, one hopes the metric for the five-dimensional Kerr-(anti-)de Sitter black hole can be put into a local quasi-diagonal form. As did in Ref. [45] , we find that the line element of the Kerr-(anti-)de Sitter metric [17] in five dimensions can be recast into a new form in the Boyer-Lindquist coordinates as follows:
where
and
Here the symbol ε = 1, 0, and −1 corresponds to the Kerr-de Sitter, Kerr (Myers-Perry) , and Kerr-anti de Sitter cases, respectively. The parameters (M, a, b, l) are related to the mass and two independent angular momenta of the black hole, and the cosmological constant. Our conventions are as follows: Greek letters µ, ν run over five-dimensional spacetime coordinate indices {t, r, θ, φ, ψ}, while Latin letters A, B denote local orthonormal (Lorentz) frame indices
is the flat (Lorentz) metric tensor. Units are used as G =h = c = 1 throughout this paper. Thermodynamics of D = 5 Kerr-anti de Sitter black holes had been studied [47] in details during the past years in the case of a fixed cosmological constant. In that case, the integral Bekenstein-Smarr mass formulas can not be written as a closed form. On the other hand, if the cosmological constant can be viewed as a thermodynamical variable [48, 49] , then both the differential and the integral mass formulae can be written in a perfect form. Now we try to extend the black hole thermodynamics to the case of a variable cosmological constant.
Note, however, that the above line element is written in a coordinate frame rotating at infinity. To compute the physical mass and angular momenta, one has to change the metric into a coordinate frame nonrotating at infinity by making the transformations: φ = φ + εat/l 2 and ψ = ψ + εbt/l 2 . After doing so, we find that it only needs to make the following replacements in the line element
The outer event horizon is determined by the largest root of ∆ r + = 0. The Hawking temperature T = κ/(2π) and the Bekenstein-Hawking entropy S = A/4 with respect to this horizon can be easily computed as
while the angular velocities are measured as
The physical mass and angular momenta are given by [47] 
which obey the closed forms [48, 49] for the first law of black hole thermodynamics 2 3
where we have introduced the generalized force conjugate to the cosmological radius l as
In the case without a cosmological constant, the above expressions reduce to the well-known result given in [16, 50] for the D = 5 Myers-Perry black holes. In the practice of algebraic computations with the help of a computer program such as the Maple-based GRTensor, one finds that it is much more efficient to use p rather than θ itself as the appropriate angle coordinate. What is more, the radial part and the angular part can be presented in a symmetric manner. In what follows, we shall adopt p as the convenient angle coordinate throughout this article. In doing so, the five-dimensional Kerr-(anti-)de Sitter metric can be rewritten as
Performing the following coordinate transformations:
we get
and find that the line element (10) of the D = 5 Kerr-(anti-)de Sitter metric is very similar to the four-dimensional Plebanski solution [46] . The metric determinant for this spacetime is
, and the contrainvariant metric tensor can be read accordingly from
The Kerr-(anti-)de Sitter metric (1) possesses three Killing vectors (∂ t , ∂ φ , and ∂ ψ ), In addition, it also admits a rank-two symmetric Stäckel-Killing tensor, which can be written as the square of a rank-three Killing-Yano tensor. It has been found that the existence of the Stäckel-Killing tensor ensures the separation of variables in the geodesic Hamilton-Jacobi equation and the separability of the massless Klein-Gordon scalar field equation. In this paper, we will show that the separability of Dirac's equation in this spacetime background is also closely associated with the existence of the rank-three Killing-Yano tensor.
The spacetime metric (1) is of Petrov type-D [51, 52] . It possesses a pair of real principal null vectors {l, n}, a pair of complex principal null vectors {m,m}, and one real, spatial-like unit vector k. They can be constructed to be of Kinnersley-type as follows:
These vectors are geodesic and satisfy the following orthogonal relations
and all others are zero. In terms of these vectors, the metric for the Kerr-(anti-)de Sitter black hole (1) can be put into a seminull pentad formalism (221 formalism) [45] as follows:
3. Stäckel-Killing tensor and second order symmetry operator from the separated solution of the massive Klein-Gordon equation
In this section, the massive Klein-Gordon scalar field equation is shown to be separable in the five-dimensional Kerr-(anti-)de Sitter metric. From the separated solution of the radial and angular parts, we construct a second order symmetry operator that commutes with the scalar Laplacian operator. We then show that a second order, symmetric, Stäckel-Killing tensor has a simple and elegant form in the local Lorentz pentad, which can be easily written as the square of a rank-three Killing-Yano tensor.
To begin with, let us consider a massive Klein-Gordon scalar field equation
together with the ansatz Φ = R(r)S(p)e i(mφ+kψ−ωt) . In the background spacetime metric (1), the massive scalar field equation reads
Apparently, it can be separated into a radial part and an angular part,
Both of them can be transformed into the general form of Heun equation [28, 33, 53] .
Now from the separated parts (21) and (22), one can construct a new dual equation as follows:
from which one can extract a second order symmetric tensor -the so-called Stäckel-Killing tensor
This symmetric tensor K µν = K νµ obeys the Killing equation [9] 
and is equivalent to those found in [26, 27] , up to an additive constant. In the local Lorentz coframe given in Eq. (A1), it has a simple, diagonal form
Using the Stäckel-Killing tensor, the above dual equation can be written in a coordinateindependent form
Clearly, the symmetry operator K is expressed in terms of the Stäckel-Killing tensor and commutes with the scalar Laplacian operator 2. Expanding the commutator [K, 2] = 0 yields the Killing equation (25) and the integrability condition for the Stäckel-Killing tensor. These two operators have a classical analogue. In classical mechanics, the scalar Laplacian operator 2 corresponds to the Hamiltonian g µνẋ µẋν , while the operator K to the Carter's constant K µνẋ µẋν . They are two integrals of motion in addition to three constants induced from the Killing vector fields ∂ t , ∂ φ , and ∂ ψ .
Separability of the massive Dirac field equation in a 5-dimensional Kerr-(anti-)de Sitter black hole
In Ref. [45] , the Dirac equation for spin-1/2 fermions in the general Myers-Perry black hole geometry has been decoupled into purely radial and purely angular parts by using the orthonormal fünfbein (pentad) formalism in the five-dimensional relativity. In this section, we shall extend that work to the case of a nonzero cosmological constant. That is, we will still work out the Dirac equation within a local orthonormal pentad formalism and show that the Dirac equation is separable by variables in the D = 5 Kerr-(anti-)de Sitter black hole geometry.
Fünfbein formalism of Dirac field equation
In curved background spacetime, the Dirac equation for the spinor field is
where ψ is a four-component Dirac spinor, µ e is the mass of the electron, e µ A is the fünfbein (pentad), its inverse e A µ is defined by g µν = η AB e A µ e B ν , Γ µ is the spinor connection, and γ A 's are the five-dimensional gamma matrices obeying the anticommutation relations (Clifford algebra)
For our purpose, we choose the following explicit representations for the gamma matrices [45] 
where σ i 's are the Pauli matrices, and I is a 2 × 2 identity matrix, respectively. In order to derive the spinor connection one-forms Γ = Γ µ dx µ ≡ Γ A e A , we first compute the spin-connection one-forms ω AB = ω ABµ dx µ ≡ f ABC e C in the orthonormal pentad coframe, i.e., the one-forms e A = e A µ dx µ satisfying the torsion-free condition -Cartan's first structure equation and the skew-symmetric condition
To obtain the spinor connection one-forms Γ from ω AB , one can utilize the homomorphism between the SO(4,1) group and its spinor representation derivable from the Clifford algebra (29) . The SO(4,1) Lie algebra is defined by the ten antisymmetric generators Σ AB = [γ A , γ B ]/(2i) which gives the spinor representation, and the spinor connection Γ can be regarded as a SO(4,1) Lie-algebra-valued one-form. Using the isomorphism between the SO(4,1) Lie algebra and its spinor representation, i.e., Γ µ = (i/4)Σ AB ω ABµ = (1/4)γ A γ B ω ABµ , one can immediately construct the spinor connection one-forms
Now in terms of the local differential operator ∂ A = e µ A ∂ µ , the Dirac equation (28) can be rewritten in the local Lorentz frame as
BCA is the component of the spinor connection in the local Lorentz frame. Note that the five-dimensional Clifford algebra has two different but reducible representations which can differ by the multiplier of a γ 5 matrix. It is usually assumed that fermion fields are in a reducible representation of the Clifford algebra. In other words, one can work with the Dirac equation in a four-component spinor formalism just like in the fourdimensional case, and takes the γ 5 matrix as the fifth component of Clifford vectors.
Computation of covariant spinor differential operator
In the local Lorentz form of Dirac's equation, we need to find the local partial differential operator ∂ A = e µ A ∂ µ and the spinor connection Γ A = e µ A Γ µ subject to the Kerr-(anti-)de Sitter metric (1) . The orthonormal basis one-vectors ∂ A dual to the pentad e A given in the Appendix Eq. (A1) are
Taking use of the local Lorentz frame component Γ A given in Eq. (4) and the properties of gamma matrices together with the relation γ 5 = −iγ 0 γ 1 γ 2 γ 3 , we obtain
where a prime denotes the partial differential with respect to the coordinates r and p.
Combining the above expression with the spinor differential operator
we find that the covariant Dirac differential operator in the local Lorentz frame is
Separation of variables in Dirac equation
With the above preparation in hand, we are in a position to decouple the Dirac equation. Substituting the above spinor differential operator into Eq. (33), the Dirac equation in the five-dimensional Kerr-(anti-)de Sitter metric reads
Multiplying (r − ipγ 5 ) r + ipγ 5 = Σ(r − ipγ 5 ) by the left to the above equation, and after some lengthy algebra manipulations we arrive at
Now we assume that the spin-1/2 fermion fields are in a reducible representation of the Clifford algebra and can be taken as a four-component Dirac spinor. Applying the explicit representation (30) for the gamma matrices and adopting the following ansatz for the separation of variables
we find that the Dirac equation in the five-dimensional Kerr-(anti-)de Sitter metric can be decoupled into the purely radial parts and the purely angular parts
in which we have denoted
The separated radial and angular equations (41) (42) (43) (44) can be reduced into a master equation containing only one component. For the radial part, they are explicitly given by
From the above decoupled master equations, it is easy to see that they are more complicated than the four-dimensional case [54, 55] . As for the exact solution to these equations, one hopes that they can be transformed into the general form of Heun equation [53] , like the four-dimensional case [55] . The case occurs similarly for the angular parts.
Moreover, the angular part can be transformed into the radial part if we replace p by ir in the vacuum case where M = 0.
Construction of a first order symmetry operator in terms of the Killing-Yano tensor
In the last section, we have explicitly shown that Dirac's equation is separable in the D = 5 Kerr-(anti-)de Sitter black hole spacetime. In this section, we will demonstrate that this separability is closely related to the existence of a rank-three Killing-Yano tensor admitted by the Kerr-(anti-)de Sitter metric. To this end, we will construct a first order symmetry operator that commutes with the Dirac operator by using the Killing-Yano tensor of rank-three. This symmetry operator is directly constructed from the separated solutions of the Dirac's equation.
Killing-Yano potential and (conformal) Killing-Yano tensor
Before constructing a first order symmetry operator that commutes with the Dirac operator, we first give a brief review on the recent work [27, 35, 36] about the construction of the Stäckel-Killing tensor from the (conformal) Killing-Yano tensor.
Penrose and Floyd [56] discovered that the Stäckel-Killing tensor for the 4-dimensional Kerr metric can be written in the form K µν = f µρ f ρ ν , where the skew-symmetric tensor f µν = − f νµ is the Killing-Yano tensor [57, 58, 59] obeying the equation f µν;ρ + f µρ;ν = 0. Using this object, Carter and McLenaghan [10] constructed a first order symmetry operator that commutes with the massive Dirac operator. In the case of a D = 4 Kerr black hole, the Killing-Yano tensor f is of rank-two, its Hodge dual k = − * f is a rank-two, antisymmetric, conformal Killing-Yano tensor [42] obeying the equation
This equation is equivalent to the Penrose's equation [60] 
A conformal Killing-Yano tensor k is dual to the Killing-Yano tensor if and only if it is closed dk = 0. This fact implies that there exists a potential one-formb so that k = db. Carter [41] first found this potential to generate the Killing-Yano tensor for the Kerr-Newman black hole.
Recently, these results have further been extended [27, 35, 36, 37 ] to higher-dimensional rotating black hole solutions. In the case of D = 5 dimensions, it was demonstrated [27] that the rank-two Stäckel-Killing tensor can be constructed from its "square root", a rank-three, totally antisymmetric Killing-Yano tensor. Following Carter's procedure [41] , Frolov et al. [27] found a potential one-form to generate a rank-two conformal Killing-Yano tensor [42] , whose Hodge dual f = * k is the expected rank-three Killing-Yano tensor. Now we focus on the case of the five-dimensional Kerr-(anti-)de Sitter metric. It is easy to check that the following object constructed from the rank-three Killing-Yano tensor
is just the rank-two, Stäckel-Killing tensor given in Eq. (24) . The rank-three Killing-Yano tensor f obeying the equation
can be taken as the Hodge dual f = * k of the 2-form k = db via the following definition:
The Killing-Yano potential found for the five-dimensional Kerr-(anti-)de Sitter metric is [27, 45] 
from which a conformal Killing-Yano tensor can be generated
Adopting the convention ε 01235 = 1 = −ε 01235 for the totally antisymmetric tensor density ε ABCDE , we find that the Killing-Yano tensor is given by
In what follows, we shall show that this rank-three Killing-Yano tensor and its exterior differential
are the essential ingredients to constitute a first order symmetry operator that commutes with the Dirac operator.
First-order symmetry operator from the separated solution of the Dirac equation
The final task is to construct a first order symmetry operator that commutes with the Dirac operator, parallel to the work done in [45] in the case of a five-dimensional Myers-Perry black hole.
We now proceed to construct such an operator from the separated solutions of the Dirac equation and highlight the construction procedure. According to our analysis in the last section, we find that the Dirac equation (39) can be split as
Now we multiply Eq. (56) by pγ 0 γ 1 and Eq. (57) by −rγ 2 γ 3 respectively from the left and then add them together. After using the relations iγ 5 = γ 0 γ 1 γ 2 γ 3 and γ 2 γ 3 γ 5 = iγ 0 γ 1 , we get a dual equation
Multiplying this equation by the left with a factor (r + iγ 5 p)/Σ, we obtain
We do not hope γ 5 λ appears in the above equation, so we can multiply it the γ 5 matrix by the left and rewrite it as
The above equation can be viewed as an operator form
Our final aim is to find the explicit expression for this symmetry operator H f . To construct such an operator is more involved than to treat with the Dirac operator
Observing the partial differential terms, we find that it can be exactly given by − 1 2 γ µ γ ν f ρ µν ∂ ρ . Therefore, we hope to compute − 1 2 γ µ γ ν f ρ µν ∇ ρ in the next step. After some tedious algebra manipulations, we get its explicit expression as follows:
This operator is almost that what we expect to seek for the operator H f except the last three terms. These unexpected terms can be remedied by the following counter-term
Adding them together, we obtain the final expression
Using the definition W µνρσ = − f µνρ;σ + f νρσ;µ − f ρσµ;ν + f σµν;ρ and f ρ µν;ρ = 0 as well as the property of gamma matrices, one can also write the above operator in another equivalent form
The first order symmetry operator H f can be thought of as the "square root" of the second order operator K. It has a lot of correspondences in different contexts. It is a five-dimensional analogue to the nonstandard Dirac operator discovered by Carter and McLenaghan [10] for the four-dimensional Kerr metric. This operator corresponds to the nongeneric supersymmetric generator in pseudo-classical mechanics [61] . Moreover, the 2-form field L µν = f µνρẋ ρ is parallel-propagated along the geodesic with a cotangent vectorẋ µ , whose square is just the Carter's constant
The existence of a rank-three Killing-Yano tensor is responsible for the separability of the Dirac equation in the five-dimensional Kerr-(anti-)de Sitter geometry. The operator H f commutes with the standard Dirac operator H D . Now we work out the commutator To derive the last expression for the commutator, we have made use of the anti-commutativity of Dirac gamma matrices and the following relations
Then we can see that the commutation relation [H f , H D ] = 0 just yields the Killing-Yano equation (50) and the integrability condition for the rank-three Killing-Yano tensor.
Conclusions
In this paper, we have investigated the separability of the Dirac equation in the fivedimensional Kerr-(anti-)de Sitter metric and its relation to a rank-three Killing-Yano tensor. We work out the Dirac field equation within a fünfbein formalism. The spinor connection is constructed by the method of the Clifford algebra and its derived Lie algebra SO (4, 1) . We establish a local orthonormal pentad for the Kerr-(anti-) de Sitter metric so that we can easily copy with the Dirac equation in this background geometry. We then obviously show that Dirac's equation in the Kerr-(anti-)de Sitter metric can be separated into purely radial and purely angular parts. From the separated solutions of the massive Klein-Gordon equation and Dirac's equation, we have constructed two symmetry operators that commute with the scalar Laplacian operator and the Dirac operator, respectively. A simple form for the Stäckel-Killing tensor was given so that it can be easily understood as the square of a rank-three Killing-Yano tensor.
Our work in this paper includes the previous one [45] as a special case done for the general D = 5 Myers-Perry metric. The results presented here can serve as a basis to study various aspects [62] of the Dirac field, such as Hawking radiation, quasinormal modes, instability, supersymmetry, etc. In our forthcoming papers [63] , the present work has been extended to the charged case of D = 5 rotating black holes in minimal gauged [20] and ungauged supergravity [24] with the inclusion of a Chern-Simons term. It is found that the usual Dirac equation can not be separated by variables. With the supplement of an additional term into the equation of fermion fields, it is shown that the modified Dirac equation can be decoupled into purely radial and purely angular parts in these Einstein-Maxwell-ChernSimons background spacetimes. A paper about this aspect is in preparation.
It is an open question to investigate the separability of higher-spin field equations (for example, Maxwell's equation and Rarita-Schwinger's equation) in the five-dimensional Kerr-(anti-)de Sitter metric and its relation to a rank-three Killing-Yano tensor. 
Finally, Ricci tensors and the scalar curvature for the D = 5 Kerr-(anti-)de Sitter metric are
